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A ray-tracing algorithm is proposed to quickly approximate volumes of intersection between an
arbitrary tube of response and a voxel array. The method is based on the idea of the Wu antialiased
line tracer that is well known in the computer graphics community. However, our method works in
three dimensions and supports arbitrary symmetrical response profile functions. The inner loop
implementation does not use any conditional branching and is aware of low-level optimization
strategies. The running speed of a fast incremental Siddon routine appears to be about 60% slower
than our algorithm. © 2006 American Association of Physicists in Medicine.
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I. INTRODUCTION

The running speed of many statistical reconstruction meth-
ods used in emission tomography is mostly dominated by the
backprojection operations that map input data to image
space.1 The most popular backprojector is the tracing of a ray
through an array of squares �pixels� or cubes �voxels� by the
Siddon method.2 In the case of list-mode reconstruction,3 this
procedure is called for each coincidence event detected by
the PET scanner. Hence, a clever and efficient implementa-
tion of the backprojection is the cornerstone of clinically
applicable list-mode reconstruction methods.

In our context, the ideal ray-tracer collects every image
elements that are crossed by lines of sight between a given
pair of detectors and evaluates the areas �or volumes� of
intersection between the fan of lines and the collected pixels
�or voxels�. In the Siddon ray-tracer, an incremental proce-
dure marches through a regular grid of pixels or voxels and
explicitly computes the intersection points between the line
segment joining the centers of the detectors and the edges of
these image elements. Step-by-step, the ray-tracer determines
the next point of intersection with axis-aligned lines �or
planes� that define the boundaries of image elements and the
length of the line segment joining this point to the previous
one is computed.

The work of Siddon is not new; however, the logic behind
his algorithm could be improved. As shown in Fig. 1�a�, at
the exception of extremities, the intersection length between
the line segment and columns is constant and only up to two
pixels are crossed. Therefore, the length associated to the
second pixel of the column is equal to the difference between
the constant length mentioned before and the length of inter-
section with the first pixel. One of these two values could
possibly be equal to zero as in the case of all pixels in the
example, except for those of the seventh column.

In the case of an incremental ray-tracing procedure, the
intersection lengths of a pair of pixels can be computed,
column-by-column when the absolute value of the slope is
below or equal to 45 degrees, or row-by-row otherwise. In
the three-dimensional case, this observation remains valid
and the values of four voxels that belong to a slice can be

computed at once. Moreover, in the incremental implemen-
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tations of Siddon,4,5 the next plane of intersection is deter-
mined in the inner loop of the ray-tracer. Hence, by comput-
ing, step-by-step, the intersections with every voxel of a
slice, it is possible to remove the conditional jumps.

The Siddon algorithm models lines of responses, but thin
lines do not match so well the width of detectors. For in-
stance, a pair of detectors could be more accurately seen as a
tube of response linking the detectors. A volumetric tracing
procedure, such as the algorithm introduced by Joseph,6 will
produce refined results. Note that the real tubes of responses
are not necessary cylinders of constant section, however, in
this work, we neglect to handle the corrections for these
second order effects.

Our contributions are twofold. First, we propose to im-
prove the efficiency of the numerical implementation of the
ray-tracer by taking advantage of the mathematical simplifi-
cations pointed above. Second, we model the rays by volu-
metric tubes of responses instead of lines. Our procedure is
based on the Wu’s antialiased line drawer7 that is well know
in the computer graphics community. In the next section, we
present our volumetric ray-tracer. In Sec. IV, we demonstrate
both quality and performance improvement versus an incre-
mental implementation of Siddon.

II. METHOD

For ease of illustration, we first describe the problem and
its solutions in two dimensions. Extension to the three-

FIG. 1. Siddon �a� and Wu �b� ray-tracing results. The tones of black are
proportional to the lengths of the intersection between the line and pixels for
Siddon and are proportional to an approximation of the intersection areas
between the strip and pixels for Wu. The dotted segments link the centers of
the two pixels, closest to the central line of the strip in �b�. In �c�, the ideal
area �up� is approximated by the length of the vertical projection on the

central line of the strip �down�.
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dimensional case is natural. Given a two-dimensional array
of pixels and a pair of points defining the extremities of a
ray, the output of the ray-tracer algorithm is a list of pixels
intersecting the ray and a value associated to each of these
pixels. We assume that the width of the detector is one pixel
wide.

A very accurate solution to trace a ray in image space is
setting pixels’ values that are proportional to the area cov-
ered by a thick strip of one pixel large. The Wu antialiased
line method, shown in Fig. 1�b�, sets the two pixels, closest
from the central line of the strip, with a value that is propor-
tional to one minus the distance between the center of each
pixel and its axis-aligned projection on the central line. In
comparison, the Siddon method, shown in Fig. 1�a�, affects
each pixel with a value that is proportional to the length of
the intersection of the central line of the tube of response.
Remark in the example that less pixels are affected by this
method.

As shown in Fig. 1�c�, the rationale of the Wu method is
to approximate, for each pixel, the area covered by the strip.
Area computations are replaced by evaluations of the dis-
tance between the center of the pixel and its vertical projec-
tion on the central line. This approximate area is equal to the
difference between one and the fractional part of the vertical
coordinate of the points on the central line. For a given point
inside a pixel, the horizontal and vertical offsets relative to
the upper left corner of the pixel are exactly equal to the
respective fractional parts of the point coordinates. These
offsets are called subpixel coordinates.

FIG. 2. Precalculated subvolumes of intersection for a quantized pair of
subvoxel coordinates �a� corresponding to the sixth row of the look-up table
�b�. The disk represents the precise pair of subvoxel coordinates. The square
is the quantized pair obtained after projection on a 4�4 lattice. The black
tones are proportional to the approximated volumes of intersection. These
values ranges between 0 and 16 and must be divided by 16 to be normalized.
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Clearly, with a tube’s thickness of one pixel, up to three
pixels can be crossed by the strip in any given column, as in
the fifth vertical slice of Fig. 1�b�. The Wu method avoids
handling this case to keep the inner loop of the algorithm
simple. This approximation is a trade-off between speed and
quality that has been proven in practice. The values of the
two pixels shall be selected so that they sum to exactly one
and the center of intensity lies exactly on the central line.
The algorithm could be extended to trace rays that are
thicker or thinner than one pixel. However, this possibility is
not discussed in this work.

In a similar way, in three dimensions, up to four voxels
are crossed by a thick tube. We approximate the computation
of the volumes of intersections by four products involving
two of the subvoxel coordinates. This method is the straight-
forward extension of the Wu ray-tracer for the three-
dimensional case. Furthermore, our experiments demonstrate
the possibility to significantly increase the speed by precal-
culating volumes of intersections for a number of possible
pairs of subvoxel coordinates.

For each iteration, four voxels are inserted in the output
list. While the approximation of volumes of intersection is
simple and appears to be efficient, the computation of the
associated values involves a total of four subtractions and

FIG. 3. Geometrical relations of parameters for the fast tube of response
ray-tracer algorithm in the two-dimensional case.

FIG. 4. Performance breakdown for per-ray �a� and per-
voxel �b� running time. The accelerated ray-tracing is
clearly faster than the incremental Siddon implementa-
tion, combining better physical accuracy and improved
performances.
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four multiplications. By precalculating these four values for
all possible pairs of subvoxel coordinates, we only need to
fetch the results in a contiguous chunk of memory.

The fractional part of coordinates is quantized to 16 dis-
crete values in each of the two dimensions, to limit the num-
ber of possible pairs of subvoxel coordinates to 256. A
look-up table �LUT� stores for each of these pairs, the vol-
umes of the four voxels straddling the central line. Four
floats are stored for each of the 256 possible configurations.
Hence, the total size of our table is 4 kB and will fit in the
first level cache of most processors.

Retrieving the approximated subvolumes can be done
quickly, by computing an offset in the LUT in function of the
fractional parts of two coordinates. Figure 2 shows an ex-
ample of configuration in a four by four quantization lattice.
This technique can support arbitrary symmetrical response
profiles since any volume computation strategy can be used
in this precalculation stage.

III. ALGORITHMS

The tube of response tracer is described by algorithm 2
and the precalculation of the LUT is specified by algorithm
1. For convenience and speed, we used fixed-point numbers
in our C++ implementation. Fixed-point math allows to ex-
tract integer and fractional parts of real coordinates, simply
by masking and shifting. The image of voxels is stored in a
contiguous room of memory, row-by-row and then slice-by-
slice.
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Algorithm 1 Look-up table pre-calculation.

of fset←0
for j� �0,16�

for i� �0,16�
a= i /16
b= j /16
V�of fset+0�← �1−a�� �1−b�
V�of fset+1�←a� �1−b�
V�of fset+2�← �1−a��b
V�of fset+3�←a�b
of fset←of fset+4

end for
end for

Algorithm 2 Fast tube of response ray-tracer.

if �D1 � � �D2� and �D1 � � �D3� then
l= ��D1 � �, a=2, b=3
O= �0,S1 ,S1S2 ,S1�1+S2��

else if �D2 � � �D3� then
l= ��D2 � �, a=1, b=3
O= �0,1 ,S1S2 ,1+S1S2�

else
l= ��D3 � �, a=1, b=2
O= �0,1 ,S1 ,1+S1�

end if
Di←Di / l 1� i�3
repeat l

c= �
i=1

3

�Pi� �
j=1

i

Sj−1

d=4��16�Pa− �Pa���+16�16�Pb− �Pb����
I�c+Oi�

←V�d+i−1� / l 1� i�4
Pi←Pi+Di 1� i�3

end repeat

FIG. 5. Ray-tracing results for some random events
with Siddon �a�, the accelerated Wu �b�, and the origi-
nal Wu �c� methods. We show only a 322 portion of the
accumulated depth projections of a 1283 voxels image.
The nearly diagonal lines look similar, however, nearly
vertical or horizontal lines appear jaggy with the Sid-
don’s algorithm.

FIG. 6. Two 323 voxels images have been reconstructed
using both ray-tracing operators. We considered a set of
10 000 events. The images show a slice through the
volume estimated after the fourth iteration of the LMEM

algorithm. The emission image �a� is clearly more ac-
curately recovered using our algorithm �b�. The Siddon
operator �c� does not fully recover the border of emis-
sion regions, thus small balls of the reconstructed phan-
tom vanish.
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For each dimension 1� i�3 of the image I, Si is the
image definition in terms of number of voxels along the di-
mension i, Pi is the real coordinate of the first extremity, and
Di is the difference between the two extremities of the tube
of response. We assume that both extremities of the tube of
response lie inside the image I. Hence, clipping of the rays
against the image boundaries is not necessary.

For convenience, we define S0=1. V is the LUT of pre-
calculated subvolumes of intersection described above and O
will be initialized with four offsets pointing to nearest neigh-
bor’s voxels in the current image slice. There are three dif-
ferent cases to fill the array O. Indeed the neighbor voxels lie
in the axis-aligned slice straddling the line. Hence, there are
three possible assignations of the offsets, depending on the
major �longer� axis of the central line of the tube.

Figure 3 shows the relations between the former param-
eters of algorithm 2. Two memory offsets are computed in
the inner loop: c is the index of the current voxel in image
space and d is a line number in the LUT, multiplied by 4,
since four subvolumes of intersections will be fetched at
each iteration.

IV. RESULTS

We implemented from scratch both Siddon and Wu ray-
tracers in the C++ programming language, sharing every
possible common parts of code. We evaluated both quality
and performance of the Wu method, with and without using
the LUT of precalculated subvolumes. For performance com-
parisons, wall-clock speed comparison seems appropriate
since the ray-tracers are very sensitive to low-level issues
such as memory cache misses penalties and faster access to
the precalculated results instead of explicitly computing
Medical Physics, Vol. 33, No. 12, December 2006
these values. However, we only performed the benchmarks
on one workstation, based on the IBM G4 1.33 MHz proces-
sor.

We traced a set of one million random events, in a se-
quential 1283 voxels image, such that both extremities are
lying on a sphere enclosed in the image volume. The tracing
procedures fill an array with an offset-value pair for each
crossed voxel. The Siddon method crossed 144 713 010 vox-
els in 2.64 sec. The Wu method affected 312 068 264 voxels
in 4.81 sec and the Wu version accelerated by LUT took
1.69 sec only. The Wu method computes explicitly the val-
ues associated to each voxel by multiplying two subvoxel
coordinates for each of the four voxels of the current slice,
while the accelerated Wu version only fetch these precalcu-
lated values in memory.

Figure 4 charts both per-ray and per-voxel timing. A direct
consequence of the tube of response model is that more vox-
els are crossed by a thick tube, than by its central line.
Hence, the size of the output list is always greater or equal
than for the Siddon case. Surprisingly, the accelerated ray-
tracer still outperforms Siddon because of its advantageous
per-voxel performances in terms of speed.

Figure 5 demonstrates improvement in visual quality by
tracing several random events in image space. The acceler-
ated version of the Wu ray-tracer produces nearly identical
images than the slower original method. Hence, the approxi-
mation of volumes of intersection with fetches in a LUT
seems to be of acceptable accuracy.

Figure 6 demonstrates a loss of resolution recovery when
using the Siddon ray-tracer. We launched two iterative recon-
structions using the LMEM algorithm8 by using two different
ray-tracing techniques. Three balls of various diameters and
equal densities define the phantom. We processed a set of

FIG. 7. Transversal slices of 1283 images of the Shepp–
Logan 3D phantom. A spherical volume of interest
�VOI� and a second reference VOI are respectively
marked by the black upper-central and upper-left spots
in the emission image �a�. The images reconstructed
after ten iterations of the LMEM algorithm minimize the
mean square error with respect to the emission image
and are shown for the Siddon �b� and accelerated Wu
�c� ray-tracers.

FIG. 8. Quantitative analyses of recon-
struction results with the Shepp–
Logan 3D head phantom for the 16
first iterations of the LMEM algorithm.
The normalized sum of squares of re-
siduals between the emission image
and the images reconstructed with Sid-
don and accelerated Wu ray-tracers is
plotted. The relation between contrast
recovery coefficient �CRC� and vari-
ance inside the first VOI demonstrates
that the Wu model yield lower vari-
ance for very similar CRC values.
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10 000 events only and used an image definition of 323 vox-
els to emphasize the resolution recovery of small features
with a low-count statistics data set.

We generated the dataset by randomly simulating the
emission process. For each event, we selected one ball and
randomly picked an annihilation position inside the sphere
and an emission direction. From the radius and density of
each ball, we defined a discrete probability density function.
Hence, the probability of selecting a ball depends on its den-
sity and its volume.

Finally, Fig. 7 shows images of the Shepp-Logan three-
dimensional �3D� head phantom and reconstruction results
after ten iterations of the LMEM algorithm. The dataset con-
tains the first ten million events generated by a random simu-
lation of the emission process. Quantitative results are plot-
ted in Fig. 8.

V. CONCLUSION

This work proposes an incremental volumetric ray-tracing
algorithm that sets, for each iteration, four voxels straddling
the central line of a tube of response. The voxel values are
proportional to an approximation of volumes of intersection
with the tube of response. The implementation uses a
look-up table of 256�4 real values, containing precalculated
subvolumes of intersection. Hence, handling arbitrary sym-
metrical response profiles is straightforward. The running
speed of a fast incremental Siddon routine appears to be
Medical Physics, Vol. 33, No. 12, December 2006
about 60% slower than our algorithm. Thus our method
seems to combine better physical modeling and improved
performances.
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