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Event-by-Event Image Reconstruction
From List-Mode PET Data

Colas Schretter

Abstract—This paper adapts the classical list-mode OSEM and
the globally convergent list-mode COSEM methods to the special
case of singleton subsets. The image estimate is incrementally up-
dated for each coincidence event measured by the PET scanner.
Events are used as soon as possible to improve the current image
estimate, and, therefore, the convergence speed toward the max-
imum-likelihood solution is accelerated. An alternative online for-
mulation of the list-mode COSEM algorithm is proposed first. This
method saves memory resources by re-computing previous incre-
mental image contributions while processing a new pass over the
complete dataset. This online expectation-maximization principle
is applied to the list-mode OSEM method, as well. Image recon-
structions have been performed from a simulated dataset for the
NCAT torso phantom and from a clinical dataset. Results of the
classical and event-by-event list-mode algorithms are discussed in
a systematic and quantitative way.

Index Terms—Event-by-event (EBE), expectation-maximization
(EM), list-mode (LM), maximum-likelihood (ML), ordered subsets
(0S), positron emission tomography (PET).

1. INTRODUCTION

TATISTICAL image reconstruction methods from
S list-mode emission tomography data are more and more
popular and the reasons for this success are manifold. These
methods estimate the image that best fits the data in terms
of Poisson maximum-likelihood (ML) and support implicitly
noisy measurements. Furthermore, using a sequential list-mode
data model exploits the high-precision spatial and temporal
information of emission measures in a natural way. In contrast,
histogram data models allow random access to consult the
total of measures along any pair of detectors, called line of
response (LOR). However, while histograms need to be loaded
in memory, a list-mode instance can be streamed from disk
storage and processed event-by-event.

An additional motivation for list-mode image reconstructions
comes from the fact that the number of detectors of modern
positron emission tomography (PET) scanners increases contin-
uously. Since the number of LORs follows a quadratic law with
the number of detectors, nowadays, the typical number of events
of a list-mode dataset has fallen below the number of possible
LORs.

The gold standard of statistical reconstruction makes use of
the maximum-likelihood expectation-maximization (MLEM)
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algorithm which was proposed by Shepp and Vardi in 1982
[1] and adapted to list-mode data by Barrett et al. in 1997
[2]. The complete dataset is used to compute a multiplicative
correction factor for each image element. The MLEM is a
globally convergent algorithm, i.e., it tends to a unique image
regardless of the initialization. Unfortunately, many iterations
are needed to yield an acceptable reconstruction.

An accelerated version of the MLEM algorithm, the ordered
subsets MLEM (OSEM), was proposed by Hudson and Larkin
in 1994 [3]. The idea of OSEM is to consider only a subset of
the input data to approximate the correction factors. The dataset
is split into disjoint subsets, containing a roughly equal number
of events. A new image is estimated after each sub-iteration.

The OSEM method is not convergent in the general case.
Nevertheless, OSEM became a standard for clinical applica-
tions, due to its good experimental trade-off between speed and
quality, making possible statistical reconstructions from real-
istic datasets with shorter reconstruction times than acquisition
duration. In 2000, the adaptation of OSEM to list-mode data
by Reader et al. [4], [5] has demonstrated impressive results in
terms of image quality and reconstruction speed.

In 2002, Hsiao et al. [6] proposed an elegant globally con-
vergent ordered subsets method, the complete-data OSEM
(COSEM), that has been adapted to list-mode by Khurd et
al. in 2004 [7]. This algorithm not only makes use of events
in the current subset for estimating the image, but also takes
into account contributions from previous image estimates that
depend on the other subsets. Note that the COSEM method of
Levkovitz et al. [8] is related to a list-mode extension of OSEM
and has no relation with the algorithm considered here.

The COSEM method is very attractive but raises some ques-
tions. The convergence is slower than using OSEM (assuming
that OSEM converges for the given dataset) and the number of
subsets must be specified by the user, as for OSEM. The more
subsets you use, the faster the algorithm converges. However,
since the algorithm needs to remember the previous interme-
diate results for each image element and for each subset, a large
amount of memory room is often required for high-resolution
3-D image reconstruction.

The convergence speed of the COSEM method has been
improved recently, in 2004 [9] with the enhanced COSEM
(ECOSEM) algorithm. The approach suggests to perform two
estimations in parallel: the first, using OSEM and the second,
using COSEM. The image is updated with a linear combination
of these two estimates to trade speed with stability. Since the
first term of the ECOSEM sum is exactly equivalent to the
OSEM estimate for the current subset, no additional computa-
tion for this term is needed. Independently and simultaneously,
this hybrid approach has been applied for list-mode data by
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Rahmim et al. [10]. The authors simply suggest to use OSEM
for early sub-iterations, then switching to COSEM for polishing
the image.

The present work proposes two algorithms for updating the
emission image as soon as an event is read from the list-mode
dataset. These event-by-event reconstruction methods corre-
spond to an online EM algorithm as proposed in the paper of
Neal and Hinton [11]. This approach also follows the spirit
of the row-action maximum-likelihood algorithm (RAMLA)
[12] that updates the current image for each projection of an
histogram. However, each image update does not need to be
weighted by a relaxation parameter and the globally conver-
gent event-by-event reconstruction method does not require
specifying a number of subsets.

After defining the notations in Section II, two event-by-event
algorithms are presented in Section III. The first algorithm
(EBE-COSEM) is proven to be globally convergent. The
second algorithm (EBE-OSEM) is not convergent but pro-
duces a sharp image much faster. The results are discussed
in Section IV and confirm the theoretical improvement of
convergence speed towards the maximum-likelihood solution
for both methods. Finally, conclusions and tracks for future
work are proposed in Section V.

II. NOTATIONS FOR LIST-MODE ALGORITHMS

All statistical list-mode algorithms estimate a set M of image
bins from a list N of events. The complete data N can be parti-
tioned into L disjoint subsets

L—1
N = L—I_-J S 1)
=0

with0 <! < Land1 < L < |N|. The subsets S; C N contain
roughly the same number of events.

Iterative list-mode image reconstruction methods will be de-
fined by relating the successive values of each image bin. The
intermediate formula
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will be used as a building block for the definition of list-mode
algorithms in a unified notation.

)\}‘H is the current value of image bin j € M after processing
n + 1 events. For the algorithms that will be defined in (6), (7),
and (10), the estimation starts from a uniform image )\2 =1,
V j € M. The initial images of previous steps are assumed to
be empty; hence, /\]75 =0,YVjeM,s>1.

A;j is equal to the probability that an annihilation occurring in
image bin j € M is detected along the LOR of the event? € N.
The system matrix A is very large and often sparse. Hence, its
elements are usually computed on-the-fly by ray-tracing tech-
niques [13] to avoid storage of the matrix in memory.

Sometimes, the probability A;; is assumed to be proportional
to the length of intersection of the LOR of the event ¢ € N with
the image bin 5 € M. If bins are pixels or voxels, such an in-
tersection computation is fast and straightforward [14]. Instead,
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Fig. 1. Four angles considered for integration of the sensitivity factor at a given
position. In this case, the two maximum angles are €5 and 4. The larger the
angles, the lower the cosine of the angles, hence the sensitivity.

this work relies on a refined ray-tracer [15] that models volu-
metric tubes of responses to account for the finite spatial reso-
lution of voxel grids.

w; are sensitivity factors, equal to the probability that an an-
nihilation occurring in image bin j € M is detected by the PET
scanner. These factors are proportional to the solid-angle that
the detector edge subtends at the center of the voxels and are
defined by

/2
w; = /0 cos (max {f1,63}) + cos (max {fz2,04}) dop (3)

where {61, 05, 03,04} are the angles between the depth axis and
the vectors joining the center of the voxel to each of the four
clockwise-ordered vertices of the intersection between the de-
tector cylinder and the coronal plane of angle ¢, passing through
the center of the given voxel j € M.

In (3), the two maximum angles of nondetection are consid-
ered since both collinear photons must hit the cylinder to pro-
duce an event. An illustration is given in Fig. 1. Note that for any
point (x,y, z) in the field of view, the sensitivity only depends
on the distance to the depth axis y/x2 + y2 and the z coordi-
nate of this point. In this work, the continuous integral is ap-
proximated! by numerical integration, using a fixed step of one
degree.

a; are attenuation factors [16], equal to the probability that
the two collinear photons are not absorbed during their flight
along the LOR of the event ¢« € N whose length in centimeter
equals /;. According to Beer’s law, this probability can be ap-
proximated by

a; =exp | ~li Y Anp @
keM

where 41j, V j € M is an attenuation image containing linear
factors for each voxel.

Attenuation factors are calculated for each event by
ray-tracing along its LOR. In experiments, the attenuation
image is derived by segmentation of a registered anatomical
image in three different materials (air, lungs, organs). The
conventional factors (0, 0.035/cm, 0.095/cm) for photons at
511-keV energy are used to map every voxel j € M on its
corresponding linear attenuation factor p;, in function of the
label of his material.

IThe sensitivity factors can also be approximated by running a Monte-Carlo
simulation of the emission process with a nonattenuating uniform cylinder that
fill the field of view of the scanner. However, the computing time is much larger
and even with an extremely large number of samples, the sensitivity information
is difficult to resolve at the axial extremities of the detector.
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A. LM-EM, LM-OSEM, LM-COSEM, and LM-ECOSEM

When more than one subset (L > 1) is used, the LM-OSEM
algorithm replaces the current image estimate with a new esti-
mate, computed only from the events of the next subset. Using
the intermediate result in (2) yields the following notation:

P AVany ()

LM-OSEM considers only a subset S; C N of the input data
to evaluate the multiplicative correction factor for each image
bin. A new image is estimated after each sub-iteration and a
full iteration is over when every event of the list-mode file has
been processed. LM-EM is a special case of LM-OSEM with
only one subset (L. = 1), hence Sog = N. On the other hand,
the LM-COSEM algorithm sums up the intermediate results to
ensure global convergence and can be denoted by

L-1
AP =3 " Anttee, (6)
s=0

In LM-COSEM, a new term enters the sum to replace the pre-
vious image contributions corresponding to the current subset.
The following incremental update is equivalent to (6)

n+l _ \n in+1 \n+1—L
AnFL = m g Jnl RedL )

The linear combination of (5) and (7) yields the
LM-ECOSEM algorithm denoted by

Xt =t (n) DA 4 (L=t () (A7 + Ap = Ap T
)
where t(n) with 0 < ¢(n) < 1, is a trade-off parameter that
balances speed and convergence.

III. EVENT-BY-EVENT EXPECTATION-MAXIMIZATION

This section investigates the behavior of LM-COSEM when
the number of subsets is equal to the number of detected coin-
cident events. In this case, a subset consists of a single event,
and, therefore, the image estimate will be updated every time
an event is read from the list-mode dataset. This approach is
motivated by the hope to significantly improve convergence
speed because it allows direct improvement of the image esti-
mate with additional statistical information, as soon as events
are processed.

Because of the similarity with the LM-COSEM method, the
event-by-event reconstruction can be theoretically justified by a
simplified convergence proof in the optimization transfer frame-
work of Ahn ef al. [17]. In fact, the proposed algorithm is de-
rived from a special case of LM-COSEM and, thus, benefits
from its theoretical properties [7]. In particular, LM-COSEM
has been proven to be globally convergent for any number of
subsets, hence, for singleton subsets. Furthermore, the conver-
gence speed of EBE-COSEM is theoretically maximized [5]
since the maximal number of subsets is used.

Reducing the number of events per subset down to one poses
a number of problems because each image update will only
affect the voxels located along the LOR of the considered
event. In addition, storing one image per subset, as required

by LM-COSEM, becomes impractical. Solutions exists to
overcome these problems.

A. EBE-COSEM and EBE-OSEM

The event-by-event COSEM (EBE-COSEM) is a particular
case of LM-COSEM, when L = |N|. Each subset contains only
one event; thus, S; = {7} and the intermediate formula (2) can
be simplified to

n ALJ)\n .
/\j+1:m7 i =mn mod |N|. 9
keM

Inserting (9) into (7) yields the EBE-COSEM algorith
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(10)

where ¢ = n mod |N|.

For each event: € N, each image bin ;7 € M will be updated
as in the case of LM-COSEM with singleton subsets. For the
first iteration, the negative term in (10) is equal to zero and since
n — |N| < 0, then )\;’_lNl = 0if 0 < n < |N|. Therefore, the
algorithm can be simplified for the first pass over the dataset, by
ignoring the negative term.

Clearly, only image bins along the LOR of the event will be
modified. This locality property makes the implementation of
an event-by-event reconstruction feasible. By experience, the
computational time per event of this method is equal to the tra-
ditional subset-based LM-COSEM.

The event-by-event OSEM (EBE-OSEM) also relies on the
incremental image update in (9) and is written

A e AN e nod (V] (1)
7 T wjaq 3o A AR
kEM
with
n+1—|S -
A7 = {AJ S i 1 mod [N] ¢ 5
0, otherwise

where [ = |n mod |[N|/L].

The EBE-OSEM method only keeps the history of the most
recent image contributions that belong to the current subset.
Therefore, the image estimate of the previous subset is removed
after having processed the last event of a subset.

B. Computing Previous Updates

The result of the first pass over the entire dataset is equiv-
alent to summing contributions of each event, in image space.
For the remaining iterations, the previous contribution has to
be replaced, event-by-event, with the refined estimate. How-
ever, the huge memory resource demand of COSEM methods
is a remaining issue. Since it is currently impossible to store the
previous values of image bins for each event, these results are
re-computed online.

The remaining passes start from the result image A of the
previous iteration and compute in parallel the new contributions
5\;-”+1 and the previous contributions S\?H_L for each image
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Fig. 2. Transversal slices of the NCAT phantom and the clinical studies: (a) and (b) are, respectively, the activity and attenuation images of the NCAT phantom;
(c) and (d) are, respectively, the maximum-likelihood image of the clinical dataset and the corresponding slice in the CT scan for attenuation.

bin j € M. As shown in (7), the previous estimate of the event
in image space is replaced by a refined estimate. An important
feature of this approach is that the ray-tracing calculation of any
givenevent: € N, i.e., the computation of the A;;’s for j € M,
only needs to be performed once per event.

The new EBE-COSEM formulation defines an online image
reconstruction pipeline for list-mode data. The actual imple-
mentation provides two routines dedicated respectively to the
first and second iteration. A recursive procedure will handle an
arbitrary number of passes over the dataset. Of course, the run-
ning time of successive iterations increases arithmetically but
only two iterations should be sufficient for realistic problem in-
stances [5].

Since re-computation balances the overhead of storing pre-
vious estimates, the total reconstruction time of EBE-COSEM
is, by experience, equivalent to the time taken by the
LM-COSEM method. Therefore, with EBE-COSEM, the
COSEM algorithm becomes faster and more applicable for 3-D
reconstruction of high resolution images without demanding
excessive memory resources.

C. Image Initialization

Any iterative statistical expectation-maximization method
needs an initial estimation to start the iterative refinement
towards the maximum-likelihood solution. Often, a constant
initial image is used, for example /\2 =1,V 5 € M. With the
event-by-event approach this initial value of image bins can
be embedded in the image update operator. Indeed, by starting
from an empty image /\2 = 0,V j € M, only the image bins
crossed by observed LORs need to be initialized.

Accounting an initialization constant to image bins in (9)
yields

Aij (A (1—¢) +e)

Wj0; E Al ()\Z (1 — E) + 5)7
keM

5\?"'1: i =mnmod |N|
(12)
where the additional constant, 0 < ¢ < 1, can be interpreted
as an exploration-exploitation parameter that drives the rela-
tive contribution of the current image bin. The exploration-ex-
ploitation trade-off is well known in the literature about online
learning [18, Ch. 13].
If e = 0 (full exploitation) then (12) becomes equivalent
to (9). On the other hand, if ¢ = 1 (full exploration) then

the relative contribution of image bins vanishes, and (12) be-
comes equivalent to the backprojection operator that maps an
event from data space to bins in image space. The backprojec-
tion spreads uniformly the contribution of an event to image el-
ements straddling its LOR.

The parameter € is set to one during the processing of the
first events and then is set to zero for the remaining events. The
number of these first events is chosen empirically and is often
equal to a typical subset’s size. The initial image is then equiv-
alent to the backprojection of these events. So, this processing
only initializes image bins crossed by the first events.

IV. RESULTS

Image reconstructions have been performed from a simulated
list-mode dataset for the NCAT phantom [19] and from a clin-
ical acquisition of a similar region of the body. The original
(LM-OSEM and LM-COSEM) algorithms and their event-by-
event variants (EBE-OSEM and EBE-COSEM) are considered
for systematic comparisons. The data has been split into eight
subsets.

The clinical dataset has been acquired on a Philips Gemini
PET/CT scanner with a detector diameter of 86.4 cm, a field
of view of 57.6 cm and an axial length of 18.2 cm. A similar
detector geometry is modeled for the simulation. The definition
of reconstructed images is 295 x 295 for each of the 92 slices.
Image elements are cubic voxels of 2-mm size.

For the NCAT phantom study, a list-mode file of 8 million
events has been generated by randomly simulating the emis-
sion process from the static emission and attenuation images
shown in Fig. 2(a) and (b). About 834 million of samples have
been simulated by the Monte-Carlo process. About 752 million
events have been attenuated and among the remaining, about 74
million events have been rejected because at least one of the two
coincident photons did not hit the cylindrical detector.

For the clinical study, the last time frame of a dynamic N —13
(ammonia) cardiac study has been reconstructed. The acquisi-
tion began 10 minutes after injection and lasted for 6 min. 370
MBq has been injected for a male of 83 kg. About 84 million co-
incidences events have been recorded, including delayed events
for compensation of randoms. About 24 million events did not
cross the prior anatomy image and have been discarded because
they are obviously scatters or randoms. The remaining random
noise have been corrected according to the advices of Rahmim et
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Fig. 3. Transversal slices of reconstructions for the NCAT phantom study. Each row contains the current estimate for the given sub-iteration number. The last row

shows the results after two iterations over the data.

al. [10], by subtraction of delayed events while ensuring image
non-negativity.

Images are shown in Figs. 3 and 4. The transversal slices 57
have been chosen because they emphasize both the myocardium
and the liver. Even for low-statistics estimations of early sub-it-
erations, the event-by-event reconstructions of the second and
fourth columns produce sharper images compared to the re-
sults of classical reconstruction methods of the first and third
columns.

Graphs are shown in Fig. 5. The volumetric activity image of
Fig. 2(a) is considered as reference for the NCAT phantom study
and the maximum-likelihood image of Fig. 2(c), reconstructed
after 64 iterations of the MLEM algorithm is considered as ref-
erence for the clinical study.

Quantitative analysis of the reconstructed images is shown in
terms of contrast recovery over variance in the liver and the ven-
tricle, and in terms of Kullback-Leibler (KL) divergence from
the reference image. The motivation to use the KL metric over

the classical mean square error (MSE) metric is discussed in ap-
pendix.

Incremental event-by-event algorithms exhibit similar behav-
iors, like classical multiplicative algorithms. The contrast re-
covery is faster; however, the variance inside regions of interest
also increases with the fitting of the data. The OSEM methods
reach a limit cycle toward the end of the second iteration for
both studies. The KL divergence plots show that both classical
list-mode and event-by-event list-mode algorithms converge to
a similar objective image. The COSEM methods are, however,
much slower.

There is no bias in the KL divergence curve of the clinical
study because the reference ML image is the result of a recon-
struction sharing exactly the same system model than the four
compared methods. A sudden hop can be noticed on the curves
of the COSEM methods, after the first full iteration over the data.
This is due to the subtraction of the very first backprojection
image estimate that tends to be very blurred and far from the
maximum-likelihood.
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Fig. 4. Transversal slices of reconstructions for the clinical study. Each row contains the current estimate for the given sub-iteration number. The last row shows

the results after two iterations over the data.

It is also interesting that, from identical initial conditions,
LM-OSEM and EBE-OSEM reach nearly the same point in the
graph of contrast recovery over variance in the ventricle: after
nine sub-iterations of LM-OSEM but only six sub-iterations of
EBE-OSEM.

V. CONCLUSION

This work aims to show that incrementally updating the cur-
rent reconstructed image estimate, for each event of list-mode
data instances, can improve the convergence speed towards the
unknown emission image. The proposed event-by-event recon-
struction algorithms directly take into account the statistical
contribution of each event to improve the image estimate. These
methods converge faster to the maximum-likelihood solution.

An additional feature of the approach is that the number of
updates, for each image element, is driven by the number of
events passing through it. The likelihood of images produced by
iterative algorithms monotonically increases with the number of

image updates. Hence, in event-by-event methods, the conver-
gence speed to the maximum-likelihood solution is adapted to
the amount of statistical information associated with each image
element.

Future work plans to combine the two event-by-event OSEM
and COSEM methods in the definition of an hybrid algorithm
that could balance speed and convergence, in the spirit of
ECOSEM.

APPENDIX
COMPARING IMAGES

Mean Square Error: Often, metrics defined from the mean
square error (MSE) are used to evaluate the similarity between
two images. However, the MSE metric can be nonappropriate
for some quantitative analyses in emission tomography.

Consider a reference image P (ground truth image) and a
second image @) (reconstructed image). If both images contain
N image elements, the MSE measure of the error between P
and () is
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Fig. 5. Figures of quantitative analyses for the NCAT phantom study (a) and the clinical study (b). The three rows show respectively the Kullback—Leibler diver-
gence from the reference activity image and the contrast recovery over variance in the liver, and in the left ventricle.

N
MSE (P, Q) —%Z (Pr = Qn)*
k=1

Since the differences between corresponding image elements
(Pr — Qp) are squared, the total MSE is never negative. Fur-
thermore, if P = (), then the MSE is equal to zero. However,
large values receive more importance with this metric and the
contributions of relative errors between small values vanish. For
example, if P, = 10 and Q;, = 1, then (P, — Q1)” = 92 = 81;
but, if P, = 100 and Q) = 10, then (P, — Q;)° = 90% =
8100. When evaluating a reconstructed emission image, errors

in low-count regions that are badly reconstructed will be ignored
if high-count regions are a little bit more accurate.

Relative Entropy: The relative entropy, also known as the
Kullback-Leibler (KL) divergence, is used in statistics to com-
pare the similarity between discrete probability density func-
tions (DPDF). This metric could be appropriate to measure the
similarity between two images in emission tomography.

Images can be normalized by computing the total sum of
image elements and then dividing each image element by this
total sum. After normalization, the total sum equals one, and,
thus, the images meet the definition of DPDF. Each image ele-
ment contains the probability that an emission occurs in a part



of space (usually square of cubic shaped). Consider P and () as
two DPDFs with IV histogram bins. The relative entropy of P
with respect to () is

N i
L(P,Q)=Y Plog <—) .
kzzl ARCANR

Note that this measure is not symmetric because
KL (P,Q) # KL(Q,P). However, the formula is a convex
function of P, is always non-negative, and equals zero only
if P = (. Let consider a base two logarithm function, then
the relative entropy gives the number of bits that is needed to
store ( when the reference image P is known. This metric is
appropriate for comparing emission images since statistical
reconstructions are in fact estimations of a density function.
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